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ON SOME INEQUALITY OF HERMITE–HADAMARD TYPE
SZYMONWA˛SOWICZ AND ALFREDWITKOWSKI
ABSTRACT. It is well–known that the left term of the classical Hermite–Hadamard ine-
quality is closer to the integral mean value than the right one. We show that in the mul-
tivariate case it is not true. Moreover, we introduce some related inequality comparing
themethods of the approximate integration, which is optimal. We also present its coun-
terpart of Fejér type.
1. INTRODUCTION
The Hermite–Hadamard inequality is one of the most classical inequalities in the
theory of convex functions. It states that if f : [a,b]→R is a convex function, then
(1) f
(
a+b
2
)
6
1
b−a
∫b
a
f (x)dx6
f (a)+ f (b)
2
.
This inequality is present in many textbooks and monographs devoted to convex func-
tions and it was also extensively studied by many researchers in the past and present.
Very interesting historical remarks concerning the inequality (1) can be found in [5] (see
also [9, p. 62]). The following aspect of the inequality (1) is also well–known: the in-
equality on the left–hand side gives better estimate of the integral mean value than the
inequality on the right. It means that
(2)
1
b−a
∫b
a
f (x)dx− f
(
a+b
2
)
6
f (a)+ f (b)
2
−
1
b−a
∫b
a
f (x)dx ,
whenever f : [a,b]→R is convex. After slight rearrangement we arrive at
(3)
1
b−a
∫b
a
f (x)dx6
1
2
[
f
(
a+b
2
)
+
f (a)+ f (b)
2
]
,
which is really easy to prove, because it is enough to apply the right–hand side of (1) to
the intervals
[
a, a+b2
]
and
[ a+b
2 ,b
]
and add the obtained inequalities (cf. e.g. [9, p. 52,
Remark 1.9.3]). It is also easy to see by drawing a picture. However, there is also another
nice geometrical proof based on the idea of symmetry. We would like to quote it here,
because the mentioned above idea will be used in the paper as the main tool. To this
end for a convex function f : [a,b] → R consider g (x) = f (x)+ f (a + b− x), which is
also convex and, moreover, symmetric function with respect to a+b2 . See Figure 1 below,
where the curve symbolizes the graph of g (we silently assume nonnegativity of g for the
graphical purposes, but our reasoning, after slight changes, works in the general case).
The integral
∫b
a g (x)dx is not greater than double area of the trapezoid filled in gray.
2010Mathematics Subject Classification. Primary: 26D15. Secondary: 26A51, 26B25, 65D30, 65D32.
Key words and phrases. Convex function, Hermite–Hadamard inequality Fejér inequality, simplex, ap-
proximate integration.
1
2 SZYMONWA˛SOWICZ AND ALFRED WITKOWSKI
a a+b
2
b
FIGURE 1.
Hence ∫b
a
g (x)dx 6
b−a
2
[
g (a)+ g
(
a+b
2
)]
.
Taking into account
∫b
a g (x)dx = 2
∫b
a f (x)dx (symmetry) and the definition of g , we
obtain (3).
The multivariate counterpart of (1) can be found in [8, 7, 1]. In the simpliest form it
reads as follows.
Theorem 1. Let T = conv{v0, . . . ,vn }⊂Rn be the simplexwith the volume |T |. If f : T →R
is a convex function, then
(4) f
(
1
n+1
n∑
i=0
vi
)
6
1
|T |
∫
T
f (x)dx6
1
n+1
n∑
i=0
f (vi ) .
The proof given in [1] is straightforward and elementary, but it requires a large amo-
unt of computation. As a byproduct of ourmain considerations we offer an easier proof,
which is also elementary.
Let us adopt the following notation:
L ( f ,T )=
1
|T |
∫
T
f (x)dx− f
(
1
n+1
n∑
i=0
vi
)
,
R( f ,T )=
1
n+1
n∑
i=0
f (vi )−
1
|T |
∫
T
f (x)dx .
The natural question arises, whether the inequality similar to (2) holds for convex func-
tions of multiple variables, i.e. if the inequality L ( f ,T )6R( f ,T ) is true. This conjec-
ture turned out to be false in the multidimensional case. To demonstrate this, consider
the unit simplex T = conv
{
(0,0),(0,1),(1,0)
}
⊂R2. Then
L ( f ,T )= 2
Ï
T
f (x, y)dxdy − f
(
1
3
,
1
3
)
,
R( f ,T )=
f (0,0)+ f (0,1)+ f (1,0)
3
−2
Ï
T
f (x, y)dxdy .
Let f be the convex function, whose graph is the surface of the pyramid shown at the
Figure 2 (with the lower vertex
( 1
3 ,
1
3 ,0
)
). Then L ( f ,T ) = 23 >
1
3 = R( f ,T ). However,
there are, of course, convex functions, for which L ( f ,T )6R( f ,T ). Take, for instance,
the convex function f : T →R defined by
f (x, y)=
{
1 for (x, y) ∈ {(0,0),(0,1),(1,0)} ,
0 otherwise,
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FIGURE 2.
for which L ( f ,T )= 0< 1=R( f ,T ).
Let us stay for a while with two–dimensional case and the unit simplex T . Following
the idea of theproof of (3) of dividing the interval [a,b] into twoparts, divideT into three
subsimplices by its barycenter
( 1
3 ,
1
3
)
. Applying the right inequality of (4) to each of these
subsimplices and summing up the obtained inequalities, after some rearrangement we
arrive at
2
Ï
T
f (x, y)dxdy − f
(
1
3
,
1
3
)
6 2
[
f (0,0)+ f (0,1)+ f (1,0)
3
−2
Ï
T
f (x, y)dxdy
]
.
Therefore for two–dimensional case we have the inequality L ( f ,T ) 6 2R( f ,T ). The
above example of the convex function with the pyramidal graph shows that this inequa-
lity is optimal.
In the general case, taking into account the dimension n = 2, we can guess that
L ( f ,T ) 6 nR( f ,T ), where T ⊂ Rn is a (not necessarily unit) simplex and f : T → R
is convex. As a main result we will prove that this conjecture is true. We also prove the
similar result for Hermite–Hadamard–Fejér inequality.
2. DEFINITIONS AND BASIC PROPERTIES
The convex hull of n+1 points v0, . . . ,vn ∈Rn is called a simplex, if the vectors v1−v0,
v2 − v0, . . . , vn − v0 are linearly independent. The points vi are called vertices of the
simplex. Its barycentric coordinates will be denoted by (ξ0,ξ1 . . . ,ξn ). The point
b=
(
1
n+1
, . . . ,
1
n+1
)
=
v0+·· ·+vn
n+1
is called the barycenter of T .
We denote by Sn the group of permutations of n elements. Any σ ∈ Sn+1 generates
an affinemapping σ : T → T by
σ(ξ0, . . . ,ξn )= (ξσ(0), . . . ,ξσ(n)) .
For a function f : T →R and σ ∈ Sn+1 we define the function fσ by
(5) fσ(x)= f
(
σ(x)
)
.
Lemma 2. If f : T →R is integrable, then
∫
T f (x)dx=
∫
T fσ(x)dx.
Proof. Let σ(x) = Σx+ b, where Σ is a linear mapping. Since T = σ(T ) and |σ(T )| =
|detΣ||T | we conclude that |detΣ| = 1 (see e.g. [4, Th. 5.4.8]). Changing variables in
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integrals we have∫
T
f (x)dx=
∫
σ(T )
f (x)dx=
∫
T
f (σ(x))|detΣ|dx=
∫
T
fσ(x)dx .

Lemma 3. If f : T →R is convex, then so is fσ.
Proof. For 0< t < 1 and x,y ∈ T we have
fσ
(
tx+ (1− t)y
)
= f
(
σ
(
tx+ (1− t)y
))
= f
(
tσ(x)+ (1− t)σ(y)
)
6 t f
(
σ(x)
)
+ (1− t) f
(
σ(y)
)
= t fσ(x)+ (1− t) fσ(y) .

3. MAIN RESULT
Our main result is the following refinement of the classical Hermite–Hadamard in-
equality:
Theorem 4. Let T ⊂Rn be a simplex with vertices v0, . . . ,vn and let f :T →R be a convex
function. Then
(6) 06L ( f ,T )6 nR( f ,T ) .
The constant n in this inequality cannot be improved.
Proof. The inequality L ( f ,T )> 0 follows trivially by (4).
Denote by b the barycenter of T and letM = 1n+1
(
f (v0)+·· ·+ f (vn)
)
. Let σ be a cyclic
permutation of order n+1 and C be the subgroup of Sn+1 generated by σ. Define
(7) F (x)=
1
n+1
∑
σ∈C
fσ(x) .
Then
(8) F (b)= f (b) .
By (5) we get
(9) F
(
σ(x)
)
= F (x) .
The formula (7) gives us
(10) F (vi )=
f (v0)+·· ·+ f (vn)
n+1
=M , i = 0, . . . ,n ,
while Lemma 2 (together with (7)) yields
(11)
∫
T
F (x)dx=
∫
T
f (x)dx .
By Lemma 3 the function F is convex. Of course,
1
n+1
∑
σ∈C
σ(x)= b , x ∈ T ,
whence for any x= ξ0v0+·· ·+ξnvn ∈T we have
F (b)= F
(
1
n+1
∑
σ∈C
σ(x)
)
6
1
n+1
∑
σ∈C
F
(
σ(x)
)
= F (x)(12)
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and
F (x)= F (ξ0v0+·· ·+ξnvn)6 ξ0F (v0)+·· ·+ξnF (vn)=M .(13)
Consider the function
G(x)= (n+1) min
06 j6n
{ξ j }F (b)+
(
1− (n+1) min
06 j6n
{ξ j }
)
M .
Note thatG(b)= F (b) andG ≡M on theboundary ofT (since at least one of the barycen-
tric coordinates vanishes here). Our goal is to show that for all x ∈ T the inequality
F (x)6G(x) holds. To this endfix x = ξ0v0+·· ·+ξnvn ∈ T and suppose, that ξi =min j {ξ j }.
Then, taking into account that b= 1n+1
∑
j v j and
∑
j ξ j = 1, we can write
x=
∑
j
ξ j v j = (n+1)ξib+
∑
j 6=i
(ξ j −ξi )v j .
Clearly all the coefficients are nonnegative and sum up to 1, so the convexity and (10)
yield
(14) F (x)6 (n+1)ξiF (b)+
∑
j 6=i
(ξ j −ξi )F (v j )= (n+1)ξiF (b)+
(
1− (n+1)ξi
)
M =G(x).
We claim that the functionG is convex. To check this fix i ∈ {0, . . . ,n}. Since the barycen-
tric coordinate ξi of x = ξ0v0 + ·· · + ξnvn ∈ T is constant on hyperplanes parallel to
the face of T opposite to the vertex vi , the function hi (x) = min
(
1
n+1 ,ξi
)
is concave.
Thus the mapping x = ξ0v0 + ·· · + ξnvn 7→ mini hi (x) = min j {ξ j } is also concave. But
G(x) =M −
(
M −F (b)
)
min j {ξ j }, hence G is convex (remember that F (b)6 M). More-
over, the above argument shows that the graph ofG coincides with the lateral surface of
the pyramid in Rn+1 with base (T,M) and apex
(
b,F (b)
)
(in the case n = 2 see Figure 2).
Therefore
(15)
∫
T
G(x)dx= |T |M −
1
n+1
|T |
(
M −F (b)
)
= |T |
(
n
n+1
M +
1
n+1
F (b)
)
.
Then integrating (14) over T we obtain∫
T
F (x)dx6 |T |
(
n
n+1
M +
1
n+1
F (b)
)
,
which, taking into account (8)–(11), can be written as
n+1
|T |
∫
T
f (x)dx6 n
f (v0)+·· ·+ f (vn)
n+1
+ f (b) ,
or, equivalently L ( f ,T )6 nR( f ,T ). Clearly, by (15) we get L (G,T )= nR(G,T ), so the
inequality (6) is optimal. 
Remark 5. Aswe could see above, the inequality (6) is sharp. For that reason in themul-
tivariate case the left inequality of (4) does not (in general) estimate the integral mean
value better than the right one. The counterexample could be, of course, the example
given at the end of the above proof.
Remark 6. Observe that by integrating the inequalities (12) and (13) and taking into
account the properties (9)–(10) we obtain an easy proof of the Hermite–Hadamard in-
equality (4). In the authors’ opinion this proof is easier than the proof given in [1].
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4. FEJÉR VERSION
The classical Fejér version of the Hermite–Hadamard inequality (cf. [3], see also [2, 5,
10]) states that if f : [a,b]→R is convex and g : [a,b]→R is nonnegative, integrable and
symmetric with respect to the midpoint of [a,b], then
f
(
a+b
2
)∫b
a
g (x)dx 6
∫b
a
f (x)g (x)dx 6
f (a)+ f (b)
2
∫b
a
g (x)dx .
In this section we reprove analogous result for simplices and provide some estimates for
the upper and lower bounds. We start with the multivariate version of Fejér’s inequality.
It was proved, for instance, in [7]. We provide an alternative proof.
Theorem 7. Let T be a simplex with vertices v0, . . . ,vn , f : T → R be a convex function
and g : T → R be a nonnegative integrable function such that g
(
σ(x)
)
= g (x) holds for
certain cyclic permutation σ ∈ Sn+1. Then
f
(
1
n+1
n∑
i=0
vi
)∫
T
g (x)dx6
∫
T
f (x)g (x)dx6
(
1
n+1
n∑
i=0
f (vi )
)∫
T
g (x)dx .
Proof. The proof goes exactly along the same line as that of Theorem 4 with two slight
differences: wemultiply inequalities (12) and (13) by g (x) before integrating, andwe use
the identity ∫
T
fσ(x)g (x)dx=
∫
T
fσ(x)gσ(x)dx=
∫
T
f (x)g (x)dx .

Theorem 8. Under hypotheses of Theorem 7, if
L ( f ,T ;g )=
∫
T
f (x)g (x)dx− f
(
1
n+1
n∑
i=0
vi
)∫
T
g (x)dx ,
R( f ,T ;g )=
(
1
n+1
n∑
i=0
f (vi )
)∫
T
g (x)dx−
∫
T
f (x)g (x)dx ,
∆( f ,T )=
1
n+1
n∑
i=0
f vi )− f
(
1
n+1
n∑
i=0
vi
)
,
then
06∆( f ,T )
∫
T
g (x) · (n+1)min
j
{ξ j }dx6R( f , t ;g ) ,(16)
06L ( f , t ;g )6∆( f ,T )
∫
T
g (x) ·
(
1− (n+1)min
j
{ξ j }
)
dx .(17)
Proof. Let α=
∫
T g (x) · (n+1)min j {ξ j }dx. Multiplying (14) by g and integrating we ob-
tain ∫
T
f (x)g (x)dx6 f (b)α+M
∫
T
g (x)dx−Mα
which immediately yields (16). Subtracting f (b)
∫
T g (x)dx from both sides we obtain
(17) (the inequality L ( f , t ;g )> 0 follows trivially by Theorem 7). 
Remark 9. The full counterpart of Theorem 6 cannot be obtained. Namely, the inequa-
lityL ( f ,T ;g )6nR( f ,T ;g ) does not hold for the arbitrarily chosen positive symmetric
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weight function g and a convex function f . A counterexample is quite easy to show. It
is enough to take n = 1, T = [−1,1], f (x)= g (x)= x2. In these settings we have
L ( f ,T ;g )=
∫1
−1
x4dx =
2
5
, R( f ,T ;g )=
∫1
−1
x2dx−
∫1
−1
x4dx =
4
15
.
Another example could be given for any simplex T ⊂ Rn . We will show that for the ar-
bitrarily chosen constant N > 0 it is possible to take a convex function F : T → R and
a nonnegative, integrable and symmetric function g : T → R such that L (F,T ;g ) >
NR(F,T ;g ). We only sketch the construction.
Let us build the convex function F similarly as in the proof of Theorem 4, with the
additional conditions F (b) = 0, F (vi ) = 1, i = 0, . . . ,n. Then for x = ξ0v0+ ·· ·+ ξnvn ∈ T
we haveG(x)= 1−(n+1)min j {ξ j }. Next, for a ∈ (0,1) take g (x)=αmax
{
G(x)−a,0
}
with
such factor α, that
∫
T g (x)dx = 1. Then
∫
T F (x)g (x)dx −−−→a→1
1, so L (F,T ;g ) −−−→
a→1
1 and
R(F,T ;g )−−−→
a→1
0.
If n = 1 and T = [−1,1], then the above construction leads to
F (x)=G(x)= |x| , g (x)=
max
{
|x|−a,0
}
(1−a)2
and we arrive at ∫1
−1
F (x)g (x)dx =
a+2
3
−−−→
a→1
1,
∫1
−1
g (x)dx = 1.
Remark 10. After submission of this paper it came to our attention that similar result
was obtained by Mitroi and Spiridon, see the paper [6].
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